Asset Pricing Theory: In-Class Exam 1
Duration: 65 minutes. Total: 50 points.
Amedeo Andriollo/ Finance Department (DRM)/ Université Paris Dauphine - PSL.

Part A: Answer 6 out of 7 MCQs (no text needed). Part B: Solve the derivation.

Part A — Multiple-choice questions (~ 35)

Q1. Arbitrage [4 pts].

Three date-1 states have positive probabilities. A bond pays B = (1,1,1) and a stock pays
(2,1,0), each cost 1 (i.e., same price). Two additional claims, paying C' = (1,0,1) and
(1,1,0), are offered at prices p and z. Which statement characterizes the enlarged market?

. No arbitrage exactly when 0 < p < 1 and z = 1 — p/2; the market is complete.
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B. No arbitrage exactly when 0 < p <1 and z = 1 — p/2; the market is complete.

C. No arbitrage exactly when 0 < p < 1 and z = (1 + p)/2; the market is incomplete.
D

. No arbitrage exactly when 0 < p < 1 and z = 1 — p/2; the market is incomplete.

Q2. Physical probabilities [4 pts].

In a complete two-state mkt, the Arrow-Debreu prices are ¢ = (1/4,1/2). Under the physical
probabilities 79 = (1/2,1/2) the SDF is M°'9 = (1/2,1). An analyst instead represents the same
prices and payoffs using new probabilities 7"V = (1/4,3/4). This is only a change of physical
probabilities. Which pair gives the new SDF and the risk-neutral probabilities?

A. M™V = (1/2,1) and 7% = (1/7,6/7).
B. M™% = (1,2/3) and 79 = (1/4,3/4).
C. MV = (1/4,3/2) and 79 = (1/3,2/3).
D. M"V = (1,2/3) and 7% = (1/3,2/3).

Q3. Log returns [4 pts].

Let Acpy1 =1og(Cyy1/Cr) and Myy1 = fexp(—yAcy1), with 8,7 > 0. Define my41 = log My,
rir1 = log Rt+1, and r7; = log Rf +» where the risk-free rate R? , is known at t. Conditional on the
past information F%, the pair (Acy1,744+1) is jointly normal (notice that the variables are in log)
with zero covariance and v; = Var(r,1) > 0. Both returns satisfy the SDF pricing restriction.
Which pair of conclusions is correct?

A. ]Et[RtgH]/R Ei[rip1] —ree = —vi/2.

B. Et[Rfﬂ]/Rg = evt/2 Ey[rit1] —rpe = 0.

C. Et[RtgH]/ E¢[riq1] —rge = 0.

D. ]Et[RfH]/Rg = e’”t/Q Et[res1] — rpe = —vi/2.

Q4. Wealth and optimal policies [4 pts].

In the continuous-time consumption—portfolio problem (no labour income), U(C) = C'=7/(1—7),
v >0,v#1. At a fixed date, V(W) = AW'=7/(1 — ), A > 0, and the HJB tells us the interior
optimum follows:

UlC) -Vl + VipwW(u—r) + %waw2W202.



Here p is the expected instantaneous risky return, r the safe rate, o > 0 the risky volatility, and
w the risky wealth share. Choices are interior and g — r > 0. Holding A and the investment
opportunities fixed, what happens when W doubles?

A. Consumption C* is multiplied by 21/7; the risky holding w*W doubles.
B. Consumption C* doubles; the risky holding w*W doubles.

C. Consumption C* doubles; the risky holding w*W is multiplied by 21/7.
D. Consumption C* doubles; the risky holding w*W is unchanged.

Q5. Investment and insurance [4 pts].

Two firms ¢ = A, B maximize (SDF-discounted) payouts with the same M;; > 0 facing the same
function of adjustment costs: G(I,K) = §(I/K — 8)2K, k > 0. Their positive marginal capital
payoffs Vi, ., include marginal output, adjustment-cost effects and continuation value. Suppose

Et[vlétJrl] = Et[Vfgm] > 0, Covy (M1, VlétJrl) < Covy(Myy1, sz?,tﬂ) <0.

Which pair of inequalities regarding investment rates x; = I; ;/K;; and expected gross return on
investment must hold?

A. z4 <zpand EfR At—H] < By[ R 4]
B. 24 < zp and E/[R At+1] > Et[RégtH]'
C. z4 > zp and E¢[R At+1] < Et[RégtH]-
D. x4 =zp and Et[RA t+1] - Ef[RJé?tH]'

Q6. @ and ¢. [4 pts].

A single-capital, all-equity firm chooses labour and investment to maximize

Vi(Ky) = TLH&IX{Dt + Ei[My11 Vit (K1)} Kip1=(1-0)K: + 1.
1t

Here Dt = F(Kt,ZtLt) — tht — It — G(It,Kt), and Pt = V}/(Kt) — Dt is ex-dividend value.
Prices and the SDF are exogenous to the firm. Technology and feasible policies scale so that

the differentiable optimized value satisfies Vi(AK) = AV4(K) in every state. For comparison,
h(L) = bL is degree-one homogeneous because h(AL) = Ah(L) (b, A > 0).

Investment is interior. Let ¢; value one unit of capital installed for ¢ + 1, in date-t consumption
units; Ky, Ki+1 > 0. Which identity is generally valid?

A. ¢ = P/K;.

B. ¢ = Vi(Ky)/ K.

C. gt = Ee[Vit1(Ki11)]/ Ky
D. ¢ = P/Kiq1.

Q7. Investment efficiency [4 pts].

With no adjustment costs, expenditure J; (consumption units) installs p;J; units of capital:
Ky =1 —-0)K + mwdy, 0 <6 < 1. Efficiency py > 0 is observed at ¢. Along being at the
optimal path, onsider changes in jis41, holding p; and the marginal output Fi ;41 fixed state by
state (hint: recall the envelope condition regarding Vi ;41). Which pair of statements is valid for
general u; > 07

A. E, [Rt+1] p{Ee[Fre 1)+ (1 —0)E¢[1/p41]}; a higher Ey[py41] necessarily lowers this return.



B. E; [R,{f | = {E¢[Frt41] + (1 — 0)E¢[1/pe41]}/ ;s a higher Ey[py41] alone does not determine
the change.

C. E; [Rtff | = A Ee[Frep41] + (1 — 0)Eg[1/ 1441 }; a higher Ey[p441] alone does not determine the
change.

D. E, [R{fl] = w{E¢[Frt+1] + (1 — 6)/E¢[pe+1]}; a higher E¢[pe41] necessarily lowers this return.

Part B - Derivation (~ 30')

Q8. Income Risk, Return Risk, and Optimal Saving [26 pts].

Consider a household that lives for two dates, t = 0, 1, and maximizes
log co + BEy[log c1], 0<p<l.

At date 0, the household has resources w > 0. It chooses consumption ¢y > 0 and saving ag > 0.
Saving is invested in a single asset paying the gross return RY > 0 at date 1 (which may be un-
certain). At date 1, the household receives labour income Y; > 0 and consumes all its resources.
Borrowing is prohibited, and the labour income is taken as given and cannot be traded or insured.
Throughout (see here below), R > 0and Y > 0 are such that ARw > Y, thus ensuring positive
optimal saving.

We examine three alternative environments (see points b-c-d), considering one source of uncer-
tainty at a time.

(a) [4 pts] Write the two sequential budget constraints and substitute them into the household’s
objective. Derive the consumption Euler equation for an interior saving choice, allowing
both R{ and Y7 to be random variables (but exogenous to the system). Briefly interpret its

economic meaning.
(b) [5 pts] No uncertainty. Suppose R = R and Y; =Y. Derive optimal saving ad®® explicitly.

Explain briefly how it depends on §, R, and Y.

(c) [6 pts] Risky income. Suppose the saving return is certain/known, R{ = R, but future

income is )
Yy = Yexp <UZ—(’2> . Z~N(0,1), o>0.
Show that Eg[Y;] = Y. Using the consumption Euler equation and Jensen’s inequality,

determine whether income uncertainty increases or decreases optimal saving relative to part
(b). Explain the economic mechanism.

(d) [7 pts] Risky savings. Suppose instead that income is certain, Y1 = Y, but the gross return
on saving is

_ 2
R?zRexp(aZ—Z), Z ~N(0,1), o>0.
Show that Eq[R{] = R. Using the Euler equation, determine whether return uncertainty

increases or decreases optimal saving relative to part (b). Justify your answer and explain
why the effect differs from income uncertainty.

(e) [4 pts] Consider the risky-return environment of part (d), but suppose the household receives
no future labour income, Y7 = 0. Derive optimal saving explicitly. Does the distribution of
RY affect optimal saving? Explain briefly.



