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Structure of the course

• Email: amedeo.andriollo@dauphine.psl.eu

• Grading follows a 30-70 rule: 70% final exam, 30% project/homework (3rd and 5th sessions).

• Dense slides. References at the end.

• Office hours: feel “free” to (DO) come.

• If you spot any typos/mistakes, please let me know: slides are updated regularly.

• This session:
• about: 1) Warm up in Metrics and AP; 2) Campbell and Shiller (1988)’s decomposition;

3) Long-run regressions; 4) Cay.
• built partially on: Cochrane (2008), Campbell (2014), and Pedersen’s.

⊵ More updates will follow.
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A Quick Warm Up: Econometrics (1)

• Sample: the data we actually observe, as drawn from a population (“in the clouds”).
• We view sampled data as random, and the full population as fixed.

• Estimand: a function of distribution of observable data in the population.
• A fixed number, again because the population is fixed

• Estimator: a function of data for the sample: what we actually see.
• A random object, because the sampled data are random.

• Estimate: the value that the estimator takes when applied to a realized sample

↪→ Estimand is the population parameter to measure VS. Estimator is the mathematical

formula on sample/data (ĥat) VS. Estimate is the number after “applying” the estimator.

• (Unconditional) Moments:
• Mean/Expectation: the probability-weighted value of X: E[X] =

∑
i xiPr(X = xi)

• Variance: the squared spread of a distribution (from the mean): V ar[X] = E[(X − E[X])2]
• Covariance: the linear association between two variables:

Cov(X,Y ) = E[(X − E[X])(Y − E[Y ])], Corr(X,Y ) = Cov(X,Y )/(Std(X)Std(Y ))
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A Quick Warm Up: Econometrics (2)

• Quantiles: the k−th q−quantile is the data value where the cumulative distribution function
crosses k/q: Pr[X ≤ x] ≤ k/q.

• Particular interest in econometrics and asset pricing is placed on the conditional expectation:
the mean of the conditional distribution Y given X: E[Y |X = x], or E[Y |X].
↪→ Usually we denote: Et−1[Yt] = E[Yt|I(t− 1)]

• Law of Iterated Expectations: E[E[Y |X]] = E[Y ].

• We say that Y is mean independent of X if E[Y |X] = E[Y ] (for time series: martingale
property), and uncorrelated to X if Cov(X,Y ) = 0. (HW: which one implies the other?)

• Key property of expectations is linearity: E[f(X) + g(X)Y |X] = f(X) + g(X)E[Y |X].
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A Quick Warm Up: Econometrics (3)

• When two variables are jointly normally distributed:

E[Y |X] = E[Y ] +
Cov(X,Y )

V ar(X)
(X − E[X]) = β0 + β1X

↪→ conditional expectations are linear projections. If approx. normal, then least squares as
estimator of the conditional mean: (β̂1, β̂1) = argminβ0,β1

E
[
(Yi − β0 − β1Xi)

2
]

• Multivariate: β̂ = (Z⊤Z)−1Z⊤y, with the regression y = Zβ + ϵ.
The projection onto Z is: P = Z(Z⊤Z)−1Z⊤. Notice: y = Py + (I − P )y = Zβ + ϵ.

• Unbiasedness: E[β̂ − β] = 0. A sufficient condition is: E[Z⊤ϵ] = 0, or stricter: E[ϵ|Z] = 0.

• HW: Refresh: consistency, efficiency, and BLUE. [EXTRA]

• Panel Data vs. Time Series: variation is spread across individuals (cross-sections) and time.
↪→ usually, in panel data the dynamics are “killed”: weak/strict exogeneity.
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A Quick Warm Up: Econometrics (4)

• Stationary process vs. non-stationary process: are the mean and variance changing over time?

• Univariate time series:
• An ideal ARMA(p,q) is yt = c+

∑p
j=1 ρjϕt−j + ϵt +

∑q
k=1 θkϵt−k, or Φ(L)yt = c+Θ(L)ϵt.

• The White Noise (WN): ϵt ∼ (0, σ2). HW: Weak vs. Strong WN.
• Characteristic polynomials are Φ(z) = 0 and Θ(z) = 0, we check if the roots are out-/inside:

we have that roots larger than 1 ⇐⇒ eigenvalues smaller than 1.
• AR(1) example: yt = c+ ϕyt−1 + ut, its expectation is: E[yt] = c/(1− ϕ), and variance:

Var[yt] = σ2/(1− ϕ2). To get there, with |α| < 1:
∑∞

i=0 a
i = 1/(1− a).

• HW: Stability, Invertibility (AR representation), Causal (MA representation).

• Multivariate time series:
• An ideal VARMA(p,q) is Yt = C +

∑p
j=1 AjYt−j +Θ(L)Ut.

• The characteristic polynomials are in determinant terms: det(I −
∑p

j=1 Ajzj) = 0.

• Companion form, from VAR(p) to VAR(1): Ã = [A1, A2, ..., Ap; I, 0, ..., 0; 0, I, ..., 0; 0, ..., I, 0].
• HW: Integration vs. Cointegration.
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A Quick Warm Up: Econometrics (5)

• Multivariate time series:
• VAR(p) is Yt = C +

∑p
j=1 AjYt−j + Ut.

• The characteristic polynomials are in determinant terms: det(I −
∑p

j=1 Ajzj) = 0.

• Non-stationarity. Integration and Cointegration:
• Integration of order d: “how many (minimal) times we need to take differences to get a

stationary series”. dth differencing: (1− L)d =⇒ I(d) series.
↪→ In the univariate case, we can use only the series itself.

• Suppose we have two non-stationary I(1) series: {xt} and {yt}, and we fit a VAR(p).
• A mechanical solution is to apply first difference to the univariate series and then fit the VAR.

↪→ However, if there exists a linear combination: xt + βyt = ut, such that ut is a stationary process,
we do not need to transform the variables.

• If cointegrated, the non-stationary series move together in the long run, and so remain bound to
a stationary equilibrium (Engle and Granger, 1987).

↪→ No need to apply first difference to the univariate, go multivariate!
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A Quick Warm Up: Econometrics (6)

• ING and TCB prices (non-stationary) move together, so their linear combination is stationary.
[Source]
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A Quick Warm Up: SDF (1)
• Any asset is defined by its state-contingent payoffs {Xs}, and state prices {qs} (=price of $1
in a state s), for states s = 1, ..., S, in complete markets.

• Law of one price (No Arbitrage): two assets with identical payoffs in every state must have
the same price. =⇒ P =

∑
s qsXs. Define the objective probabilities: {πs}.

• Using the definition of the (rational) expectations, we can write:

P = E[MX] =
∑
s

πsMsXs, Ms = qs/πs

What is M? State Price Deflator, Pricing Kernel, or Stochastic Discount Factor (SDF).
• Remarks:

1. A riskless asset pays 1 in every state =⇒ Pf = E[M ] = 1/(1 +Rf ).
2. Theory? If you consider the classic two-period utility maximization problem of a price-taking

investor, the F.O.C. (Euler equation):

u′(C0)qs = βπsu
′(Cs), s = 1, ..., S

Amedeo Andriollo Empirical Asset Pricing 8 / 29



A Quick Warm Up: SDF (2)

• For multiple assets in a multiperiod economy: Pi,t = Et[Mt+1Xi,t+1]

• Dividing by strictly positive prices, we have gross returns: 1 +Ri,t+1 = Xi,t+1/Pi,t

• We write:

1 = Et[Mt+1(1 +Ri,t+1)]

= Et[Mt+1]Et[1 +Ri,t+1] + Covt(Mt+1, Ri,t+1)

= (1 +Rf,t+1)
−1Et[1 +Ri,t+1] + Covt(Mt+1, Ri,t+1)

and so: Et[1 +Ri,t+1] = (1 +Rf,t+1)(1− Covt(Mt+1, Ri,t+1)), which means we can write:

1 +Ri,t+1 = Et[1 +Ri,t+1] + Ui,t+1

where {Ui,t+1} is a “noise”: unpredictable on avg given the information at time t
(and in particular, given the SDF).

Amedeo Andriollo Empirical Asset Pricing 9 / 29



Market Efficiency (1)
• “A market in which prices always ‘fully reflect’ available information is called efficient”

(Fama, 1970)

↪→ Joint hypothesis problem: market efficiency =⇒ zero conditional mean for asset returns
measured relative to the riskless interest rate and the equilibrium compensation for risk.

“..no other proposition in economics which has more solid evidence..” (Jensen, 1978).

• How to test it empirically: are returns (on avg) predictable?

• Towards Campbell and Shiller (1988), Shiller et al. (1981):

Pi,t = Et[Mt+1Xi,t+1] = δtEt[Xi,t+1] = δtEt[Pi,t+1 +Di,t+1] =

∞∑
j=1

Et[δ
j
tDi,t+j ]

where {Di,t} are the dividends. The realized discounted value of future dividends should

equal the stock price plus unpredictable (uncorrelated) noise: (
∑∞

j=1 δ
j
tDi,t+j) = Pi,t + ϵt+1

↪→ The realized discounted value of future dividends should have greater variance than the
stock price (Var(X + Y ) ≥ Var(X)), but data tells the opposite!
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Market Efficiency (2)

• “The efficient markets model can be described as asserting that p = E[p⋆] [...] In other words,
p, is the optimal forecast of p⋆. One can define the forecast error as ut = p⋆t − pt [...] If one
uses the principle from elementary statistics that the variance of the sum of two uncorrelated
variables is their sum of their variance [...] this means var(p) ≤ var(p⋆)” (Shiller et al., 1981).

Amedeo Andriollo Empirical Asset Pricing 11 / 29



Campbell and Shiller (1988)’s Decomposition (1)

• Connections between returns and dividends:

1 +Ri,t+1 = (Pi,t+1 +Di,t+1)/Pi,t, Re
i,t+1 = (Pi,t+1 +Di,t+1)/Pi,t − (1 +Rf,t+1)

• Start with a (non-zero) return identity: 1 = (1 +Ri,t+1)
−1(Pi,t+1 +Di,t+1)P

−1
i,t

• Multiply by the price-dividend ratio Pi,t/Di,t:

Pi,t

Di,t
= (1 +Ri,t+1)

−1

(
1 +

Pi,t+1

Di,t+1

)
Di,t+1

Di,t

• Take the logs: pi,t − di,t = −ri,t+1 +∆di,t+1 + ln(1 + epi,t+1−di,t+1)

• Remarks on Logs:
• Log returns? Note: for small enough Ri,t, we have: ri,t ≈ Ri,t. [Extra].
• Note that I will start referring to log quantities, e.g. (log) price-dividend ratio.
• Log price to dividend ratio is the negative of log dividend yield.
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Campbell and Shiller (1988)’s Decomposition (2)
• Taylor approximations:

• We have a nonlinear term: ln(1 + epi,t+1−di,t+1) = f(pi,t+1 − di,t+1)
• Taylor around the means: f(xt) ≈ f(E[xt]) + (xt − E[xt])

d(f(xt))
d(xt)

|x=E[xt] + · · ·
• Objective:

f(pi,t+1 − di,t+1)
Taylor
≈ κ0 + κ1(pi,t+1 − di,t+1)

.
We have the following:

f(E[xt]) = ln(1 + eE[pi,t+1−di,t+1])

f ′(x) = ex/(1 + ex) =⇒ κ1 = eE[pi,t+1−di,t+1]/(1 + eE[pi,t+1−di,t+1])

↪→ We conclude:

ln(1 + epi,t+1−di,t+1) ≈

κ0︷ ︸︸ ︷
ln(1 + eE[pi,t+1−di,t+1])− κ1E[pi,t+1 − di,t+1] +κ1(pi,t+1 − di,t+1)

• Avg. log price to dividend is around 3-3.5 (%) so κ1 ≈ 0.95: close to one.
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Campbell and Shiller (1988)’s Decomposition (3)
• This gives us the approximation:

pi,t − di,t ≈ κ0 + κ1(pi,t+1 − di,t+1)− ri,t+1 +∆di,t+1

≈ κ0 + κ1(κ0 + κ1(pi,t+2 − di,t+2)− ri,t+2 +∆di,t+2)− ri,t+1 +∆di,t+1

≈ κ0/(1− κ1)−
∞∑
j=0

κj
1ri,t+1+j +

∞∑
j=0

κj
1∆di,t+1+j + lim

j→∞
κj
1(pi,t+j+1 − di,t+j+1)

(1)

• To get there: rolling forward and transversality condition.
• Taking the conditional expectations:

pi,t − di,t =
κ0

1− κ1
−

∞∑
j=0

κj
1Et[ri,t+1+j ]︸ ︷︷ ︸

r̃i,t

+

∞∑
j=0

κj
1Et[∆di,t+1+j ]︸ ︷︷ ︸

∆̃di,t

.

• r̃i,t: time-t discounted future returns of asset i.
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Campbell and Shiller (1988)’s Decomposition (4)

• Transversality condition: limj→∞ κj
1(pi,t+j+1 − di,t+j+1) = 0

↪→ No explosive behavior of stock prices aka no bubbles! Giglio et al. (2016) use this
condition to (model-free) test bubbles in the housing markets, using over 700 years.

• Discounted exp. returns as “discount-rate”, and discounted exp. dividends as “cash-flow”.

• We can say equivalently:

1. Once current dividends (di,t) are realized, variation in the price-dividend ratio reflects news
about either future dividend growth (∆di,t+1) or future returns (ri,t+1).

2. “If we lived in an i.i.d. world, dividend yields would never vary in the first place”. When they
cannot move? If dividend growth and returns are not forecastable (“i.i.d. world”), aka
Et[∆di,t+j ] = E[∆di,t] and Et[ri,t+j ] = E[ri,t] =⇒ pi,t − di,t is constant, which is not(!)
↪→ “Since dividend yields vary, they must forecast long-run returns, long-run dividend growth [...]
Which of dividend growth or returns is forecastable?”(Cochrane, 2008)

• Prices are not stationary, price-dividend ratios tend to be stationary.
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Campbell and Shiller (1988)’s Decomposition (5)
• HW: substituting price, pi,t(di,t, r̃t, ∆̃dt), in the approx.(1): only dividends and returns.

ri,t+1 − Et[ri,t+1] =

∞∑
j=0

κj
1

(
Et+1[∆di,t+1+j ]− Et[∆di,t+1+j ]

)
−

∞∑
j=1

κj
1

(
Et+1[ri,t+1+j ]− Et[ri,t+1+j ]

)
= NCF

i,t+1({∆di,t+j}) +NDR
i,t+1({ri,t+j})

where NCF
i,t+1 denotes revisions in expectations about contemporaneous-to-(t+ 1) and future

discounted cash flows, NDR
i,t+1 denotes revisions in expectations about future discount rates.

• What if today’s returns ↑?
Suppose the AR(1): rt+1 = Et[rt+1] + ut+1 = r̄ + xt + ut+1, xt+1 = ρxt + ϵt+1.

Then: NDR
i,t+1 =

∑
j=1 κ

j
1(Et+1[rt+1+j ]− Et[rt+1+j ]) = ϵt+1 · κ1 ·

∑
j=0 κ

j
1ρ

j = ϵt+1
κ1

1− κ1ρ
↪→ If κ1 ≈ 0.95, then a 0.5% increase in the exp. return today (ϵt+1) is associated with a capital

loss of about 0.67% when ρ = 0.3, a loss of 1.1% when ρ = 0.6.
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Campbell and Shiller (1988)’s Decomposition (6)

• In a multivariate analysis (VAR), including the dividend-price ratio will make the same
dynamic system invariant to whether you included return or dividend growth.

• Typical finding is that the volatility of NDR is larger (≈ ×2) than NCF .

• As accounting identity, the approx.(1) holds ex-post =⇒ it should hold ex ante as well, for
any info set:

pi,t − di,t =
κ0

1− κ1
+ E

 ∞∑
j=0

κj
1∆di,t+1+j −

∞∑
j=0

κj
1ri,t+1+j

∣∣∣∣∣It
 .

↪→ Dividend yields (=edi,t−pi,t) reveal part of the investor’s information set.
The price-dividend ratio measures the value, under rational expectations, of a very long-term
(rational) investment strategy, aka the passive buy-and-hold.
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The Variance of P/D Ratios (1)

• Let us calculate the variance of the price-dividend ratio:

Var(pi,t − di,t) = Var(−r̃i,t + ∆̃di,t) = Var(r̃i,t) + Var(∆̃di,t)− 2Cov(r̃i,t, ∆̃di,t)

If the price-dividend ratio is volatile, then either: 1) expected discounted future dividend
growth is volatile, 2) expected discounted future returns are volatile, or 3) the two are
negatively correlated. ↪→ Excess volatility puzzle (Shiller et al., 1981): prices (appear to)
move more than what is implied by expected (or realized) dividends.

• Another way to get to the variance:

Var(pi,t − di,t) = Cov(pi,t − di,t, pi,t − di,t) = Cov(pi,t − di,t,−r̃i,t + ∆̃di,t)

=⇒ 1 = Cov(pi,t − di,t, ∆̃di,t)/Var(pi,t − di,t)− Cov(pi,t − di,t, r̃i,t)/Var(pi,t − di,t)
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The Variance of P/D Ratios (2)

↪→ Those are regression coefficients of long-run quantities!

1. Regress LR returns on price-dividend ratio: βr = Cov(r̃i,t, pi,t − di,t)/Var(pi,t − di,t).

2. Regress LR dividend growth on price-dividend ratio: β∆d = Cov(∆̃di,t, pi,t − di,t)/Var(pi,t − di,t)

• The volatility of price-dividend ratio thus corresponds to the ability to forecast returns and/or
dividend growth (not just one year ahead but) many years ahead. In conclusion:

1. βr and β∆d measure how variation in the price-dividend ratio maps into variation in expected
long-run returns (DR) and expected long-run dividend growth (CF).

2. If we use the dividend yield (di,t − pi,t) instead of the price-dividend ratio, the sign flips: the
return-forecasting coefficient minus the dividend-growth-forecasting coefficient must be ≈ 1.
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The Variance of P/D Ratios (3)

• From Table II: all price-dividend ratio volatility corresponds to variation in expected
returns, not to dividend growth (“dog that does not bark”) or bubbles (Cochrane, 2011).

• Cochrane’s notation: κ1 = ρ.

Amedeo Andriollo Empirical Asset Pricing 20 / 29



The Variance of P/D Ratios (4)
• What to take from Cochrane (2011)’s Table II?

• Relative to today’s dividends, high prices forecast entirely low future returns. (Cochrane, 2011)
• This pattern of predictability is pervasive across markets:

- [Bonds:] Variation in credit spreads across time/firms signals returns, not default probabilities.
- [Houses:] High price-rent ratios signal low returns, not rising rents,
(or not prices that rise forever = bubbles). [EXTRA]

• Strong common/business cycle association:
low (high) prices translate into high (low) expected returns, and this pattern is strongly related
to business-cycles.

• High R2 equals high predictability?1 Inference when overlapping obs.:
• Because of non-standard asymptotic properties: “The tendency of long-run methods to produce

”significant” results, no matter what the null hypothesis, should neither come as a surprise, nor
be taken as conclusive evidence” (Valkanov, 2003), thus caution...

• ..vs. economic magnitude, Cochrane (2011): “when point estimates are one and zero, arguing
we should believe zero and one because zero and one cannot be rejected is a tough sell”.

1R2 = 1−
∑

(yt − ŷt)2/
∑

(yt − ȳ)2 = Ĉorr(y, x), ŷ = β̂x, R2 = β2(
∑

xt)/(
∑

yt)
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Bias when Regressors are Persistent (1)
• The previous regressions are predictive regression: rt+1 = α+ βxt + ut+1.

Suppose that X is stationary AR(1): xt = θ + ρxt−1 + vt, with:

Cov

((
ut

vt

)
,
(
ut, vt

))
= Σ =

(
σ2
u σuv

· σ2
v

)
• Recall that the estimator of β is unbiased when: E[β̂ − β] = 0.

• However, Stambaugh (1999) proved that, in finite-sample: (still asymptotically unbiased)

E[β̂ − β] =
σuv

σ2
v

E[ρ̂− ρ] = −σuv

σ2
v

[
1 + 3ρ

T

]
+O(1/T 2)

depending on the covariance between the return innovation (ut) and the predictor innovation
(vt).

• Stambaugh (1999)’s Table 1: “For the shortest and most recent period, still 20 years long

(T = 240), β̂ has a bias (0.42) nearly as large as its standard deviation (0.45) and more than
twice its realized value (0.19)”.
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Bias when Regressors are Persistent (2)
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Bias when Regressors are Persistent (3)

• Lewellen (2004): worst-case bias-adjusted beta: β̂adj = β̂ − σ̂uv

σ̂2
v

(ρ̂− 1).

• Campbell and Yogo (2006): a possible solution is to add the regressor innovation:

rt+1 = α+ βxt + δ(xt+1 − ρxt) + vt+1

↪→ Why more efficiency? (HW: efficiency vs. consistency)

1. Consistent estimates: the extra regressor is uncorrelated with the original regressor, but...
2. ... it is correlated with the future returns: increased precision, as we control for some noise.

• Cochrane (2008): one “dog” has not “barked”: dt − pt does not forecast dividend growth:
• Campbell and Shiller (1988)’s decomposition implies: βr = 1 + βd − ρβdp, (recall κ1 = ρ) where

the betas are regression of rt+1, ∆dt+1, dt+1 − pt+1 onto dt − pt.
• If βdp < 1 (dividend-price not explosive), the absence of dividend growth predictability can place

a bound: say, ρ = 0.96, we have that βr = 0 (unpredictable) implies: βd < −0.04.
• For simplicity, define the dividend yields: dpt = dt − pt.
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Bias when Regressors are Persistent (4)
• (..continuing) Suppose we have the following restricted VAR(1):

rt+1 = cr + βrdpt + ϵrt+1, ∆dt+1 = cd + βddpt + ϵdt+1, dpt+1 = cdp + βdpdpt + ϵdpt+1

and if the variables are cointegrated, the Campbell and Shiller (1988)’s identity implies:

βrdpt + ϵrt+1︸ ︷︷ ︸
rt+1

≈ −κ1 (βdpdpt + ϵdpt+1)︸ ︷︷ ︸
dpt+1

+dpt + (βddpt + ϵdt+1)︸ ︷︷ ︸
∆dt+1

therefore, matching coefficients and VAR residuals in the approximation gives two restrictions:

βr = 1 + βd − κ1βdp, and ϵrt+1 = −κ1ϵ
dp
t+1 + ϵdt+1

“ Setting up a null in which returns are not forecastable, [...] I find that the absence of dividend-growth
forecastability in our data provides much stronger evidence against this [...] Excess return forecastability is not
a comforting result. [...] The only good piece of news is that observed return forecastability does seem to be
just enough to account for the volatility of price dividend ratios. If both return and dividend-growth forecast
coefficients were small, we would be forced to conclude that prices follow a “bubble” process, moving only on
news (or, frankly, opinion) of their own future values” (Cochrane, 2008).

Amedeo Andriollo Empirical Asset Pricing 25 / 29



A Ca(y)se for Multivariate Prices (5)

Including more variables helps to have a broader info set (less small than investor’s).

• Theory behind consumption/wealth ratio cayt (Lettau and Ludvigson, 2001):
• 2-period budget constraint: Wt+1 = (1 +Rt+1)(Wt − Ct). Rolling it forwards and transversality

condition: Wt = Ct +
∑

i=1 Ct+i/(Π
i
j=1(1 +Rt+j))

• Empirically? Loglinearize and the main ingredient is proxy for human capital: log wages, {yt} as
the “dividend” paid on human capital investments. Together with the log asset holdings {at}:

ct − ωat − (1− ω)yt = Et

[
∞∑
i=1

ρi(ωrat+1 + (1− ω)rht+1 −∆ct+i)

]
+ (1− ω)zt

with ω being the avg share of asset holdings in total wealth.
• The RHS variables are stationary =⇒ cointegration of the LHS: common trend of ct, at, yt.
• “Investors who want to maintain a flat consumption path over time will attempt to “smooth

out” transitory movements in their asset wealth arising from time variation in expected returns”
(Lettau and Ludvigson, 2001): good proxy for mkt expectations.
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A Ca(y)se for Multivariate Prices (2)

• What to take from Cochrane (2011)’s Table IV ?
• Top: cay helps to forecast one-period returns but only marginally dividend growth.
• Bottom: cay has almost no effect on LR quantities.

↪→ “A variable can also help predict 1-year returns rt+1 without much changing long-run expected returns, if
it has an offsetting effect on longer run returns {rt+j}. Such a variable signals a change in the term
structure of risk premia {Et[rt+j ]}”(Cochrane, 2011).

• cay forecasts +ive (-ive) near-term returns as it forecasts a long stream of -ive (+ive) LT returns.
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Thanks for your attention! See you next Monday!
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